Probabilistic cloning and signalling 
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We give a proof of impossibility of probabilistic exact 1 — > 2 cloning of any three different states 
of a qubit. The simplicity of the proof is due to the use of a surprising result of remote state 
preparation [M. -Yong Ye, Y. -Sheng Zhang and G. -Can Guo, |quant- ph/0307027 (2003)]. The 
result is extented to higher dimentional cases for special ensemble of states. 
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An arbitrary quantum state can not be cloned exactly 
because of the no-cloning theorem . However Duan and 
Guo showed that probabilistic exact cloning for the set 
of linearly independent state is possible • It is known 
that if the quantum states can be cloned exactly then 
physical massage can be sent superluminaly. Hardy and 
Song showed that if probabilistic exact cloning of (d+ 1) 
number of quantum states, in which any d number of 
states are linearly independent, is possible, then there 
will be signalling 3] . Pati showed that probabilistic exact 
cloning of four states \^ ± ), \<f>), 0^) of a two dimen- 
sional Hilbert space implies (probabilistic) signalling, as 
distinguishability of the two mixtures |(P[|f/') <8> + 
P[\^) ® |^)]) and \{PU) ® \<t>)] + P[\^) ® |0 X >]) is 
probabilistically possible Q . 

In this paper we show that probabilistic exact cloning 
of any three different states of a qubit implies (probabilis- 
tic) signalling in the sense, that one can extract more 
than 1 cbit message probabilistically by communicating 
1 cbit only |{| . Here we use the technique of remote state 
preparation to provide an alternative as well as simpler 
proof, in the qubit case, given by Hardy and Song Q. 
We generalize this result in d dimentional Hilbert space, 
where we show that the probabilistic exact cloning of 
(d + 1) number of states, in which d number of states 
are linearly independent, taken from a special ensemble 
of states, implies signalling. 

It is an interesting property of d 2 that the Bloch vec- 
tors corresponding to any three different states of a qubit 
say, |V'i}) IV^), 1^3)) lie either on a great circle or a small 
circle of the Bloch sphere. Here it is to be mentioned 
that a small circle is defined as circle formed by inter- 
section of any non-diametral plane and the Bloch sphere. 
Hence, given any three different states ^2), of 
d 2 , one can find an orthogonal basis {|0), |1)} of d 2 (say), 
two positive numbers cxq, a\ (say) with a 2 , + a\ = 1, 
and real numbers 0oi, <j>u, 4>m, 4>i2, 003, 013, such that 
the above-mentioned three states can be expressed as 
\1>k) = ELo a i e#3 '* b')» fOT * = 1, 2, 3. As ^2), |V 3 > 



are different, therefore two copies of these three states, 
i.e., |^i)® 2 , IV2)® 2 , IV's)® 2 of d 2 <g (J 2 , are linearly inde- 
pendent. Then one can construct a POVM by which one 
can distinguish any state unambiguously from these set 
of three states with non-zero probability( less than one) 



Now Alice wants to prepare one of the three different 
states l^i), ^2)) 1^3)) which is the element of the ensem- 
ble, remotely at Bob's place, in which she encoded three 
different messages. So these three states can be expressed 
as \ipk) = J2)=o a j e ^ jk for fe = 1, 2, 3. Alice can per- 
form the remote state preparation by using an entangled 
state, \iP)ab = Ei=o a iV) A ® V)b, shared between Alice 
and Bob, and communicating 1 cbit only Here 
the orthogonal basis {|0), |1)} is same as that used in the 
above-mentioned expressions for \tpkYs. We now assume 
that Bob has a 1 -> 2 probabilistic quantum cloning ma- 
chine (PQCM) by which he can exactly clone these three 
linearly dependent states probabilistically. Bob will ap- 
ply his 1 — > 2 PQCM on his particle, after Alice prepares 
the state at his place. Now we consider the case when 
Bob wll be successful to make the exact clone of the state 
of his particle. In this case, the state of Bob will be 
one of the three states of \ip\)® 2 , l?/^} 82 , IV^) 82 - Since 
these states are linearly independent, Bob can distin- 
guish these states , \ip2) 2 , 1 ^3} 82 probabilistically 
which, in turn, implies that Bob can probabilistically ex- 
tract more than 1 cbit of classical information [i.e, de- 
coding the above mentioned three messages) probabilis- 
tically, although Alice has spent 1 cbit during the remote 
state preparation. This implies (probabilistic) signalling. 
Thus we conclude that probabilistic exact cloning of lin- 
early dependent states from d 2 is not possible. 

Now we extend our argument in general d dimensional 
Hilbert space, for the special kinds of ensemble. For 
a given vector a = (a>o, at, . . . , ay_i) where a* > 0, 
J2i=o a i 2 = 1' we cri00se the ensemble as 
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{d-1 
X>^'li) : (0o,0i,..., ^ d -i)eT d ). (1) 
3=0 

where T d = T xT x ...d times, and T = {x e M : < 
x < 2tt}. 

First of all we check whether we can get d number of 
linearly independent states from this ensemble. To do 
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this, let us first consider the case for d = 3. We choose 
three states from the ensemble of equation JTJ for d = 3. 
They are 

IV'o) = oo|0)+ai|l>+a a |2), 

j^ x ) = a e*|0) +aie*|l) + a 2 e^ 2 |2), (2) 

| V> 2 > = a e^o |0) + a 1 e i #|l} + a 2 e^|2). 

The states | -0o } 7 hAi)? V^) are linearly independent iff 

Ao|Vo) + Ai^i) + A 2 |V2) = (3) 

when and only when (Ao,Ai,A 2 ) = (0,0,0). From equa- 
tion J2J and © we get 



A + Aie^° + A 2 e^o = 0, 
A + Aie^ 1 + A 2 e^i = 0, 
Ao + Aie* + A 2 e 1 ^ = 0. 



Thus the three states \ipo), V^} will be linearly in- 
dependent iff the determinant of the coefficient matrix of 
equation must be non-zero, i.e., 



1 e^ 1 e^'i 
X e ^ 2 e*"^ 2 . 



^0. 



(5) 



i.e. 



o i(01 + 02) _ p'(01+0o) _ p'(0O+0i) 



D i(02+0i) I „i(0o+0i) _j_ „i(02+0o) 



^0. 



(6) 



So 



one 



can 



always choose the phases 
o, cpi, q>2, <t>a, <t>\i fy'-zi such that it will satisfy the 
equation JJj. Thus the states |V>o)i IV'i), I ^2) are 
linearly independent for the correct choice of the phases 
satisfying equation ©. We can extend our argument 
for any arbitrary d dimensional Hilbert space. So we 
can conclude that one can always choose d number of 
linearly independent states from the ensemble of states 
given in equation l|T|). 

Let us now choose (d + 1) number of states from the 
ensemble of states given in equation (JIJ , in which d num- 
ber of states are linearly independent. We now show that 
the two copies of each of these (d + 1) number of states 
are linearly independent. To prove this again we consider 
the case for d = 3. We choose four different states \ipo)t 
\tp2) and ^3) from the ensemble of state given in 
equation Q for d = 3 in which \ipo), ^2) are lin- 

early independent. Let we assume that two copy of each 
of these four state are not linearly independent. Then the 
state I ^3) ® 2 can be written as the linear combination of 
the three states IV'o)' 82 , | "01 ) <s>2 , |V' 2 } <82 , i.e., 



iv^r 2 = A |^r 2 + A^if 2 + A 2 ^r 2 (?) 

L.H.S of the equation Q is a product state but R.H.S 
is an entangle state, because \ipo)® 2 , \i[>i)® 2 , V^) 82 are 



linearly independent and at least two of Ao,Ai,A2 are 
non-zero. Thus the state \ip3)® 2 can not be written as the 
linear combination of of the states \ipo)® 2 , |V>i}® 2 , l^)® 2 - 
Then the two copies of each of the states \ipo), l^i), 
IV^), \il>a) are linearly independent. We can extend our 
argument for d dimensional Hilbert space. Thus we can 
conclude that two copies each of these (d+1) number of 
states are linearly independent. 

In order to extend our argument for general d dimen- 
sion, let us assume that, Alice and Bob share an entangle 
state in two d-dimensional systems 



WlAB = ^^i\i)A ® \i)b, 



(8) 



(4) where on > 0, and ^ 



d-i 

z=0 



1. Alice can remotely 



prepare states from any given subset from the ensem- 
ble in equation Q by using the entangled state given 
in equation JSJ and communicating log 2 <i cbits onlyQ. 
Alice wants to prepare remotely (at Bob's place) one of 
the (d + 1) number of states in which d number of states 
are linearly independent, chosen from the ensemble given 
in equation QJ. Now we assume that Bob has a 1 — > 2 
PQCM which can clone these (d+1) number of states 
exactly. Bob will apply his 1 — » 2 PQCM on his state 
after Alice prepare the state to him. Now we consider 
the case when Bob wll be successful to make the exact 
clone of his state. Since two copies of each of these (d+1) 
states are linearly independent ( which we prove earlier), 
then Bob can distinguish his state probabilistically. So 
probabilistically Bob can extract more than log 2 d cbits 
of information from Alice's sent message (log 2 d cbits of 
information), by using his PQCM, which implies prob- 
abilistic signalling. Thus we can conclude that proba- 
bilistic exact cloning of linearly dependent states from 
the ensemble given in equation l|T]l. implies (probabilis- 
tic) signalling. 

Our argument would run for a most general set of 
(d + 1) number of linearly dependent states, among 
which any d number of states are linearly independent 
(which we denote by |xi)j IX2), • • ■ \Xd)), if we could 
have found an unitary operator U, which takes Xfc) 
to an element Ylj=o a i e% ^ ik \3) °f $3 (for given a) for 
k = 1,2, ... (d + 1), when \x(d+i)) is the (d + l)th el- 
ement of the above-mentioned linearly dependent set 
Ixi); IX2), ■ ■ ■ \Xd+i) 11] ■ This means that if the (d+l)th 
state is given by |xd+i) = Z)k=i X k\Xk), ( A fe E W ), 
then a jiJ2k=i Afee J ^ fc }|j) must be an element of 

S3, which, in turn implies that Ylk=i Afee l * Jfc = e l6j 
for j — l,2,...d and 9j's are real numbers. This, 
in general, does not hold good for arbitrary choice of 
|xi), IX2), ■ ■ ■ |Xd+i}, even if such an U would exit. 

Recently Zeng and Zhang ^(J have shown that Al- 
ice can remotely (exactly) prepare any state of the form 
|x) = ao|0) +<zi|l) + ... + a( rf _i)|d - 1) ( where a^s are 

all real coefficients, J2i=o a i = 1> an< ^ { 1 0) , |1), . . . \d— 1)} 
is a fixed orthonormal basis of a d dimensional Hilbert 
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space) at Bob's place, using \og 2 d amount of shared free 
ebit and log 2 d amount of classical communication from 
Alice to Bob, if and only if d = 2, or 4, or 8. So let us 
take d to be either 2, or 4, or 8. Let us now choose any 
[d + 1) number of different linearly dependent normal- 
ized states \xj) = fljo|0) + <Jji|l) + • • • + aju-V)\d — 1) 
(for j = 1, 2, ... d + 1) states, each with real coefficients, 
and such that any d of them are linearly independent 
|12| . Then we run our above mentioned argument of 
1 — > 2 cloning of these (d + 1) number of states. And 
so, having log 2 e? cbits of classical communication, Bob 
can extract (probabilistically) log 2 (d + 1) cbits of infor- 
mation, by probabilistically distinguishing the {d + 1) 
number of linearly independent states <g> ( for 
j = 1, 2, ... d + 1) - a contradiction. Thus we see that 
probabilistic exact 1 — > 2 cloning of any (d + 1) number 
of different linearly dependent states of d dimensional 
Hilbert space (where any d among these (d + 1) number 
of states are linearly independent), each with real ampli- 
tudes, implies probabilistic signalling, in the case when d 
= 2, or 4, or 8. 

In conclusion, we have given here an alternative proof 
of the result of Hardy and Song Q for the case of 
qubits. Hence no three different states of dr can be 



probabilistically exactly cloned. For states of df, when 
d > 2, we have alternatively proved a partial result of 
ref. [2j, namely, (d + 1) number of linearly dependent 
states (of which any d number of states are linearly 
independent) taken from a special ensemble of df", can 
not be probabilistically exactly cloned. Although our 
method does not reproduce the results of ref. [3], in 
full generality, our approach seems to be comparatively 
simpler. We loose here the generality of the argument 
because of the fact that an arbitrarily given set of states 
of Q? can not be remotely prepared (not in asymptotic 
sense) with log 2 e? cbits of classical communication. 
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